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HE THONG KIEN THUC
Chi dé 1: TQA PO PIEM VA VECTO

A/. CAC KIEN THUC CO BAN:
I/. Toa dd diém va vécto :

e D la chian dudng phan giac trong cta goc A thi 2 = _AB = toado D
DC AC
IA_ BA

e | latdm fAdong tron noi tiep AABC thi D T = tpado K

I1/. Tich cac vecto va rng dung:

1) Tich vé huéng: Cho u(x,;y,iz,) & v (X,1y,12,). Ta cd:
o UV=XX,+Y,Y,+27,.
o ﬁi\?@ﬁ.\?:O@xl.x2+y1.y2+zl.zz=O

2) Tich hou hodng: cho hai vecto u(x,;yiz,) V& v(x,y,iz,). Ta co:

- = Z.|1Z, X;||X
° [u,v}: Y SHEs l;lyl .
y2 ZZ ZZ X2 X2 y2
ooy - = X Y4
e U&V cung phuwong @[u,v}zo @_ZZy_:_Z
Xl yl Zl

o Dién tich tam gidac: S g =%‘[E,E]‘
e Di¢n tich hinh binh hanh: S, = [ﬁ,ﬁ]
3) Tich hon hop (hén tap): Cho 3 vecto u = (X5 Y:2,) 5 = (X,;Y,;2,) va w= (X33 Y5 23) , ta co:
i 4 XY

2 2 X2 y2
. G,\?,\Tv dong phang < [G,\?}Mv =0

S W=kii+IV (V kI €eR)

e AB,C,D labdn dinh cua tir dién < ;WB, A—C, AD khong déng phéng.

RN Tang 5 X
o [u;vlws= Ys + Zy

5, %

o Thé tich khdi hop:V ruey racep = ‘[A—B ,E}.ﬁ‘.
o Thé tich i dién: V. =%‘[A—B ,E]ﬁ‘ .

B/.BAI TAP:
Bai 1: Cho A(4; -2; -1), B(1; 4; -1) va C(1; -2; -7).
a) Chung minh A, B, C 1a ba dinh cua mot tam giac. Tim truc tim H cia AABC. BS: H(3; -1; -2)
b) Tim tam | va béan kinh R cta duong tron ngoai tiép AABC.
Bai 2: Cho 3 diem A(LL1),B(-3;2;5),C (2m +3m’ - m;4). Tim m dé tam giac ABC vudng tai A
Bai 3: Cho A(2,1;,-1),B(3,0;1),C(2;-1;3) va D Oy . Biét thé tich V ctia ABCD biang 5. Tim D.
Bai 4: Cho AABC: A(2;-1;3),B(4;0;1),C(-10;5;3). Tinh do dai duong phan gic trong géc B. BS: 25
Bai 5: Cho A(2;-1,-4),B(-2;3;-4),C(2;3;-8). Tim tdm dudng tron noi tiép tam gidc ABC
Bai 6: A(—4;-12),B(3;5;—1).Tim C biét trung diém cua AC thudc Oy, trung diém ctia BC thugc Oxz
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Bai 7:: Trong khdng gian Oxyz cho A(0;1;2) ; B(2;3;1) ; C(2;2;-1)

a) Chumg té rang OABC 12 mét hinh chi nhat, tinh dién tich hinh chir nhat do.

b) Cho S(0;0;5).Chting t6 rang S.OABC 1a hinh chép.Tinh thé tich hinh chdp.
Bai 8: Cho A(-1;0; 2), B(0; 4; 3) va C(-2;1; 2). Tim toa do chan dudng phan giac trong ké tir A.

Chii dé 2: MAT PHANG
A/. CAC KIEN THUC CO BAN:
|. Vecto phdp tuyén ciia mdt phdng:

. ﬁdu'ac goi la vecto phdp tuyén cia mdt phang (a) néun L (a).

o Néu hai vecto u(x;y,iz,) &V (X,;y,iz,) ¢ gia song song hoge ndm trén mdt phing () thi

Y, 2, }

y2 Z2
o Mt phing qua diém M (X ;Y ;i X,) VA €0 Vecto phép tuyén E(A;B;C ):
A(x=%,)+B(y -¥,)+C(z-2,)=0.
o Mt phing (a)cdt truc Ox,0y,0z ldn heot tai A(8;0;0), B(0;b;0),C (0;0;c), 6 phuong trinh

7 A ” \ - Zl Xl
vecto phap tuyén ciia (a) la: n= [u ,VJ =

X, Y
X Y,

Z, X,

I1. Vecto phdp tuyén ciia mdt phing:

theo doan chdn Ia: £+l+£:1 (abc # O)
a b c

111. Vi tri twong doi ciia hai mdt phing.
Cho hai mgt phing (e): Ax +By +Cz+D =0 va (a'):A'x +B'y +C'z+D'=0, ta co:

, A B C D
° [@=l) engoTn
, A B C D
o (a)//(a) @X:B—:C—;tD—
o (a)car( )@A;ti hoic BE¢C£ hoic %;&%(td-clangoaiZt/htrén)
o (a)L(a') < AA+BB+CC'=0.

IV. Khodng cdch: i .
1) Khodng cdch tie mét diém t6i mot mat phang.

Cho (&): Ax+By +Cz +D =0 va diém M (X,;¥ 2 ,).
‘Axo+Byo+Czo+D‘
JAZiBZiC2
2) Khodng cdch giita 2 mdt phéing song song
Cho hai mar phdng song song (e ): Ax +By +Cz +D =0 va (8): Ax+ By + Cz+ D’ =0
D-D' .
—d((@),(8) =d(M, (B)) = | (V6i M la diém tu ¥ rén ()
VA? +B® +C?
VI. Chum mgt phding:
Cho hai mit phing () va () cét nhau lan lugt c6 phuong trinh:
(a): Ax+By+Cz+D=0,
(B):A'x+B'y+C'z+D'=0

Khids: d(M ,(a))
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Mit phing qua giao tuyén clia hai mit phang (o) va () c6 phuong trinh:
m(Ax+By+Cz+D)+n(A'x+B'y+C'z+D')=0 (trong d6 m*+n®=0)
B/. BAI TAP:
Bai 1: Cho bén diém A( 3;-2;-2), B(3;2;0), C(0;2;1), va D( -1;1;2).
a) Viét phuong trinh mit phang (Q) chira CD va vudng goc véi mp(ABC).
b) Viét phuong trinh mit phang cat truc Ox, Oy, Oz lan luot tai M, N, P sao cho A 1a
trong tdm tam giac MNP.
C) VViét phuong trinh mat phang qua E(1; 2; 3) va cét truc Ox, Oy, Oz lan luogt tai M, N,
P sao cho thé tich tir dién OMNP la nho nhat.
Bai 2: Cho hai mit phang (P): 2x—y+2z2-4=0, (Q):x-2y—-2z+4=0.
a) Chimng to rang hai mat phang (P) va (Q) vuéng goc nhau.
b) Mit phang (P) cit ba truc toa do tai ba diém A,B,C. Tinh dién tich tam giac ABC.

Bai 3. Trong khong gian Oxyz, M(-4 ;-9 ; 12) va A( 2 ; 0 ; 0). Viét phuong trinh mat phiang (P) qua
M, A va cit Oy, Oz lan luot tai B va C sao cho OB =1 + OC (B, C khéc O)
Bai 4: Viét phuong trinh cia mat phang (P) qua F(4 ; -3 ; 2) va vudng goc véi giao tuyén ctia hai mit
phing: (Q): x-y+2z-3=0va(T):2x-y-32=0
Bai 5. Cho hai mit phang: (P): 2x -y +2=0, Q):x-3y+2=0
a) Viét phuong trinh cia mat phang (o) qua giao tuyén caa (P), (Q) va song song véi Ox.
b) Viét phurong trinh miat phang (P ) qua giao tuyén ciia xOy va (Q) Va tao voi 3 mit phang toa do

. . 12
mot tr dién co thé tich bang 3_65 .
Bai 6: Trong khong gian Oxyz, cho hai mat phang (P): x +y—-z+5=0va (Q):2x-z=0
a) Lap phuong trinh mp(a) qua giao tuyén cua (P) va (Q) di qua A(-1;2;3).
b) Lap phuong trinh mp (B) qua giao tuyén cua (P) va (Q) va vudng goc vai Oy.
¢) Lap phwong trinh mp (3) di qua gbc toa do O va vudng goc vai (P)va (Q).
Bai 7. Lap phuong trinh mp qua G( 2 ; —1 ; 1) va cét cac truc toa do tai cac diém A ; B ;C sao cho G
la trong tdm cua tam giac ABC.
Bai 8. Lap phuong trinh mp qua H( 1 ; —1 ; —3) va cét cac truc toa do tai cac diém A; B ; C sao cho H
14 tryc tdm cua tam giac ABC.
Bai 9 Xac dinh n va m dé cac cap mp sau song song nhau : ’
(a): 2X+ny + 3z =5 =0; (B) : mx—6y—6z+2 =0 Dap 50 : m=4;n=3
Bai 10: Cho 2 mp: (0): 2x -y +3z+1=0; Cap): X +y—2z+5=0. Viét pt mp (P) qua giao tuyén
cha (o), (02) VA (P) L (03 3x-y+1=0 Pdp s6: —3x-9y+13z-33=0
Bai 11: Viét phuong trinh mat phang di qua diém M (1;2;3) va cét 3 tia Ox, Oy, Oz ¢ 3 diém c0 toa do
khéng am va cach déu gbc toa do.
Bai 12 : Lap phuong trinh cia mat phang (o) di qua 2 diém A(2;-1,0),B(5;11) va khoang cach tir

M(O; o;%) dén (o) bing 643

Bai 13 : Lap ptmp (o) qua giao tuyén ciia (P):x-3y+7z+36=0 va (Q):2x+y-z-15=0, biét
rang khoang cach tir O dén (o) bang 3.

Bai 14 : Cho (a):2x—y+3z+4=0 va M(2;-12). Viét phuong trinh cia mit phang (B) ddi xting
voi (o) qua M.

Bai 15: Viét pt mp (Q) qua giao tuyén clia (cu), (a2) Va (Q) song song voi dt AB voi A(—1;2;0) va
B(0;—2;-4). Ddp 50 : 8Xx+5y—37+31=0
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Bai 16 : Vict phuong trinh mat phang di qua giao tuyen cia hai mat phang x—3z+1=0 va
2y +3z-5=0va vubng géc véi mat phang 2x—y-1=0

Bai 17: Dinh m, n dé ba mp sau cing qua 1dt 2x—y+z=0;x-3y—2z+2=0;mx—ny+4z+4=0

Bai 18: Cho hai mit phang (P): 2x + ky + 3z —5=0va (Q): mx — 6y — 6 z + 2 = 0. Xac dinh
gid tri k va m dé hai mat phang (P) va (Q) song song nhau, hay tinh khoang cach giira chdng.

Bai 19. Cho (P): 2x +y—-2z-2=0, (Q): -4x - 2y + 2z + 1 = 0. Tinh khoang cach giira (P) va (Q). Viét
phuong trinh mp(R) song song va cach déu 2 mat phang (P) va (Q).

Bai 20: Cho hai mat phang (m2 —5)x—2y+mz+m—5=0 va X+2y-3nz+3=0. Tim m va n d hai
mit phang: a) Song song véinhau. b) Trang nhau.  ¢) Cat nhau.

Bai 21: Viét ptmp chtra dt A- X =Y =271 va cach diém M 1;2;0) mot doan bang 2/3.
ptmp 2 2 -1

Dap s6: 2X —y +22 -2 =0

Chi dé 3: PUONG THANG TRONG KHONG GIAN
Al. CAC KIEN THUC CO BAN:
. Phuong trinh ciia dwdng thing: Duong thang di qua M (X,; Yy;2,) va c6 VTCP G =(a;b;c)

X = X, +at
e Phuong trinh tham s6: {y =1y, +bt (mdi duong thing c6 vo s6 phuong trinh tham sb)
7=1,+ct
- Cs -~ -~ 7-1 ..
e Phuong trinh chinh tac: X=% _Y bYo = & (vGiab.cz0)
a c

Ax+By+C;z+D, =0(a)

Ax+B,y+C,z+D,=0(p)
(néu fi, 1A VTPT ca (), i, 1a VTPT caa (B) thi G =[f,,] 1a VTCP ciad)

1. Vi tri twong d6i giiva hai dwong thang : Puong thang d di qua M, (Xo: Yo:2,) vaco VICP U, d’ di

e Phuong trinh tong quét: ¢ thé viét dugc tir pt chinh tic, co dang {

qua M, '(%, ¥, "2,") vaco VICP T", ta co:

1,07=0
e dchéod < [0,0"]MM,'#0 ed=d'< 0.0 -
[0,MM,"]=0

, [0,07]=0 [0,0]=0
e dvad’ catnhau < ed/ld'< -
0,0 MM, =0 [0, MM ] %0

B/. CAC DANG BAI TAP:
» Dang 1: VIET PHUONG TRINH PUONG THANG
Logi I: Viét phwong trinh dwong thing d khi biét diém di qua va vécto chi phwong
(&p dung cong thirc)
Logi 2: Viét phwong trinh dwong thing (d) qua A va Cit cd hai dt (d,), (d,) cho trudc.
» Céch1:
e Viét phuong trinh mit phang (P) di qua A va chira (d,)
e Viét phuwong trinh mit phing (Q) di qua A va chta (d,)
e d=(P)n(Q)
» Céch2:
e Viét phuong trinh mit phing (P) di qua A va chira (d,).
e Xac dinh giao diém B cua (d,) va (P).

e Viét phuong trinh duong thang (d): di qua A va c6 vecto chi phuong 13 AB.
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Logi 3: Viét phwong trinh dwong thing (d) qua A va vudng goc Véi hai dwong thing (d,), (d,)

> Cach 1:

e Viét phuong trinh m3t phang (P) di qua A va vuéng goc véi (d,)
e Viét phuong trinh m3t phang (Q) di qua A va vudng goc vai (d,)

« d=(P)NQ
> Cach 2:

e Xac dinh cac vecto chi phwong cua (d,), (d,) lan luot 14 Uy Vva Uy

—_ —

e Goi w la vecto chi phuong ciia duong thing (d), ta co: i Sw= [Tm; u_d;]
wlu,
e Viét phuong trinh duong thing (d): di qua A va ¢6 vecto chi phuong 1a w.
Logi 4: Viét phwong trinh dwong thing (d) di qua A, vuéng géc véi (d,) vacit (d,) cho trudc.
> Céch 1:
e Viét phuong trinh mat phang (P) di qua A va vudng goc véi (d,)

e Viét phuwong trinh mit phing (Q) di qua A va chua (d,)
. d=(P)n(Q
> Céch 2:

e Viét phuong trinh mit phing (P) di qua A va vuéng goc véi (d,)
e Xac dinh giao diém B cua (d,) va (P):

o Viét phuong trinh dudng thang (d): di qua A va c6 vecto chi phuong la AB.
Loai 5: Viét phuong trinh duwong vuéng géc chung (A) ciia 2 dwong thang chéo nhau.
Cho 2 duong thang chéo nhau: d ¢6 vtcp uva duong thang d’ ¢6 vtep v. Goi w= [G;\?]
> Céch 1:

e Viét phuong trinh mit phing () chita d va song song voi w.
e Viét phuong trinh mit phing (B) chita d’ va song song véi w

Phuong trinh duong vudng géc chung ciad vad’ 1a A =(a) N (B)
> Céch 2:
e Chuyén d va d’ vé Loai phuong trinh tham s6 theo “t” va “u”. Goi M o €0d;N, ed".

o MN.U, =0
e MN la doan vudng goc chung ciad va d’ <

- = t,u= toadd M,N
MN.u, =0

e Viét phuong trinh duong thang (A): di qua M va co vecto chi phuong 1a MN .

Bai 2. Cho diém A(2 ;1 ; -2), dudng thing (d) : Xgl - y1—1 " ;3 , mit phing (P):x—y—-z—4=0. Viét
phuong trinh duong thing (d°) qua A, song song véi (P) va vudng goc véi duong thing (d)

: . , , Xx-1 -y+3 z+4
Bai 3. Lap phuong trinh mat phang (P) chita duong thang d: i =

1 > Vva song song vo1
Xx=1+t

duong thang d': {y =2+t
z=1+2t

Bai 4. Lap phuong trinh duong thang d qua A(1 ; 0 ; 3) va vudng goc dong thoi voi duong thang:
X+1 y-1 z-2 X +2 z7-2
A vad,: — y =

2 1 3 1 2 -3

1-
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X=-5-3t
Bai 5 : Cho mat phing (a):3x—4y+z-3=0 va hai duong thang (d,):{y =1+t ;
z=-8-2t
X+1 y+4 z+1 N \ 2 Y N A&t A2
(d,): LTy T g . Lap phuong trinh duong thang A nam trong (o) vacat ca d,,d,

x-1 'y z+2 . 2 . N N . 2
Bai 6: Cho (A)'TZEZ_B va mat phang (a):x+y+z—-2=0. Lap phuong trinh dwong thang d
nam trong (&), cdt va vudng goc véi A

X=-2+3t
Bai 7 : Cho mat phing (P):x—3y-4z-2=0 vaduong thang (d):{y=7-t
z2=3-4t

Lap phuong trinh duong thang A di qua M, (~1;4;0), song song véi (P) va cét d.
HD :

- Giasir A citdtai M = M (-2+3t;7-t;3—-4t) = MM = (3t -1 -t +3;3—4t)
-VIi Al/(P) nén i LMM < AMM =0 t=1

- Viy A ¢6 VTCP MM =(2;2;-1) va diqua M, (-1 4;0)

X=2+2t
Bai 8: Lap phuong trinh dudng thang vudng géc chung cia hai duong thang (d):4y=3+3t va
z=-4-5t
(d‘): x+1= y—-4 _ z-4
3 2
HD :-dc6 VTCP 0 =(2;3;-5),d" c6 VTCP V =(3;-2;-1)
-Lay 1(2+2t;3+3t;—4-5t)ed va J(-1+3t4-2t4-t") ed’

Widg [Wa=0 [t'=1 [1(0;0;1
-IJIadudngvuc”)nggécchungcﬁadvad’<:>{ u@{ u <:>{ :{( :

L1y |(Wv=0 (t=-1 [J(223)
Bai 9: Lap phuong trinh duong thang di qua M (—4;-5;3) va cét c4 hai dudng thing
1 3 ) X=2+2t
x+1 y+3 z-
d,): = = ,(d,):{y=-1+3t
( 1) 3 _2 -1 ( 2) y
z=1-5t

HD : - Goi A la duong thang can viét phuong trinh.
- Gia str Acit d, tai A(-1+3t;-3-2t;2—t) vacat d, tai B(2+2t-1+3t'1-5t')

-Tacod AB=(2t'-3t+3;3t"+2t+2,-5t"+t—1) vd AM =(-3-3t;-2+2t;1+1)
- Yéu ciu bai todn = AB cling phuong véi AM @[ﬁ,W]zOcﬂ:t‘:O

Dang 2: VI TRI TUONG POI GIUA HAI PUONG THANG

Xx=1-3t
Bai 1 : Cho hai dudng thing (dl):gzyT_?:% va (d,):qy=2t
z2=-2+t

Chting minh rang d, va d, cit nhau. Viét phuong trinh caa mit phang chia d, va d,
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X =-1+5t
Bai 2 : Cho hai duong thang (d):{y=-5+7t va (d'): X+3_ y+24 = Z;]'
z=3+3t

a. Chirng minh d va d’ chéo nhau

b. Lap phuong trinh mat phang cach déu hai duong thang d va d’

HD :

-d diqua A(-1,-5;3) vacé VTCP i =(5;7;3), d' di qua B(-3;-4;1) vacoé VTCP V =(1,-2;4
- Goi () la m3t phang can viét phuong trinh. Suy ra (o) di qua trung diém 1 ciia AB va nhén |
VTPT.

Cl\-/

V] lam

X = —1+(a2 +1)t

Bai 3 : Cho hai duong thang (d):{y=4-at va (d'):XTJrg:y_—_llzé
z=-5+(2a+1)t

a. Timadéd catd’ b) Timadéd Ld"
Xx=2—t X=1-2m-mt

Bai 4: Cho hai dudmg thing (d):{y=-3+3t va (d"):{y=—6—(m*+2)t
z=-1+2t z=-3+2mt

Timm dé d//d'. Khi d6 hdy viét phuong trinh ciia mt phing (d,d")

Dang 3: HINH CHIEU VUONG GOC CUA PIEM M
Phwrong phap giai: § .
1. Tim hinh chiéu vudng géc cia 1 diém M trén mdt miat phang (a)
e Viét phuong trinh duong thang d di qua M va vudng goc voi (c)
e Goi H 1a hinh chiéu cia M trén (o) = H =d N (a)
2. Tim hinh chiéu vuong goc ciia mdt diérqn M trén 1 dwong thing d
» Céch 1: _ Viét phuong trinh mat phang (a) di qua M va vudng goc véi d
_ GoiH1ahinhchiéuciaM trénd = H =d N (a)
> Céch2: _Chuyén phuong trinh duong thing d vé dang tham sO )
_ Goil la mot diém bat ki thuéec d = toa do diém I theo tham so t
_llahinhchiéu caaM trend < MI Ld < Mlu, =0 = t= Toa do L

Bai 1 : Cho ba diém A(-13;2),B(4;0;-3),C(5;-14) Tim toa do hinh chiéu vudng goc ciia A trén
duong thing BC.

Bai 2: Tim toa d¢ diém M’ ddi ximg véi M (2;-1,-5) qua duong thang (A): x=2_y+3_z+1

2 -1 1
x =3t
Bai 3: Cho 2diém A(LL1),B(-2;3;0) vaduong thang (d):{y=1-2t .Tim M ed sao cho ‘WJFW‘
z=-5+3t
dat gié tri nho nhét.
HD: Goi | Ia trung diém ctia AB, ta c6 \WHW\ —2MI
MI nho nhat khi M 1a hinh chiéu caa | trén d.
X=9+2t
Bai 4: Cho 3 diém A(4;1,-28),B(4;-9;2),C(10;2;-10) va dudng thing (d):<y=-t
z=—-4+3t

Tim M ed sao cho ‘WJFWJFW‘ dat gié tri nho nhét.
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HD : Goi G 4 trong tam cua tam giac ABCta c6 ‘erm + W‘ =3MG

MG nho nhat khi M Ia hinh chiéu vudng géc caa G trén d
Bai 5: : Tim hinh chicu vudng goc cua diem M(1; -1; 2) trén mat phang (P): 2x -y + 2z + 12 =0 va tim
M’ doi xitng véi M qua (P).

Dang 4: HINH CHIEU CUA 1 PUONG THANG TREN MOQT MAT PHANG

Phuwong phdp giai:

Céch 1:Cho dudng thang d va mét phang (« ). Tim phuong trinh hinh chiéu cta d trén (e)
- Viét phuong trinh mt phang () chirad va (B) L («)

- Goi d’ la hinh chiéu vudng goc cua d trén (). Suyra d'=(B)(e)

Céch 2:Cho dudng thang d va mét phang (« ). Tim phuong trinh hinh chiéu cta d trén (e)
- Tim giao diém A ctad va (o)

- LAy B ed roi tim toa do cua H a hinh chiéu vudng géc cua B trén ()

- Viét phuong trinh cua duong thing AH di qua A va H.

Chay : Néu d//(e) thi lam nhu sau :

- LAy Aed rditim toa do ciia H a hinh chiéu vudng goc cia A trén ()

- Goi d’ 1 hinh chiéu vudna adce cnia d trén d. Suv ra d” sona sona vai d va d” di aua H

X—2 y+2 z-1
4

x=z+m
2

Bai 1 : Tim hinh chiéu cua duong thang (d):

lenmp (a):x+2y+3z+4=0

Bai 2 : Viét phuong trinh hinh chiéu ciadt (d):qy=-2t trénmp (a):x+2y-2z-2=0
z=-2t

7 Chii d@é 4: MAT CAU
A/l. CAC KIEN THUC CO BAN:
|. Phuong trinh mat cau:

e Dgng I1: Phuong trinh mat cau (S) ¢6 tam I(a; b; ¢) va ban kinh R:
(x—a)’ +(y-b)*>+(z-c)*=R?
e Dang2: x*+y*+2*—2ax—2by—2cz+d =0 (véi a® +b? + c? —d >0) 1a phuwong trinh mit cau
c6 tam I(a; b; ¢) vaban kinh R = JaZ+b2+c2—d
11.Vi tri twong doi ciia mdt cdu va mat phing:
Cho mat cau (S) ¢6 tam I(a;b;c) ban kinh R va mat phang (P): Ax+By+Cz+D=0.
e Néu d(I,(P)) > R thi mat phang (P) va mit ciu (S) khong ¢ diém chung.
e Néu d(I,(P)) = R thi mit phang (P) va mit cau (S) tiép xtic nhau.
e Néu d(I,(P)) < R thi mit phang (P) va mit cau (S) cat nhau theo giao tuyén 1a dudng trdn co
ban kinh r =+R?—d? vatdm H cua 1a hinh chiéu cta I 1én mat phang (P).
B/. BAI TAP:

Bai 1: Lap pt mat cau di qua 3 d1em A(1;2;-4), B(1;-3;1) , C(2;2; 3) va c6 tam nam trén mp Oxy
Bai 2: Viét phuong trinh mat cau ¢ tim thuoc Ox va tiép xtic véi mp(Oyz) va (P): 2x +y -2z +2 = 0.

Bai 3. cho bon d1em A(1;2;2), B(-1;2;1), C(l 6:-1), D(-1;6;2). CMR: ABCD la t&r dién c6 céac cip canh d6i
bang nhau. Viét phuong trinh mit cau ngoai tiép tir dién ABCD.
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Bai 4: Cho mit phang (P):2x—y—3z+4=0 vamatcau (S):x*+y*+2° +6x—2y—2z-3=0. Lap

phuong trinh mt phang (o) song song véi (P) va tiép xtc véi (S). Tim toa do tiép diém

Bai 5: Chimg minh (S):x*+y®+2°>-2y—4z-20=0 cat mit phang (a):x+2y-z+8=0 theo 1
duong tron (C). X4c dinh tam va béan kinh cua (C)

Bai 6 Cho (S):x*+y® +2? —2x+5y—4z-1=0 Tim m d¢ ho mit phang (&, ):X+2y-z+m=0 latiép
dién cua (S)

Bai 7. Lap phuong trinh mp (o) tiép xtc véi mét cau (S): x* +y? +2° —10x + 2y + 262 -113=0 va song

X=-5+2t X=—-7+3t
song véi hai duong thang d, :qy=1-3t va d,:{y=-1-2t
z=-2+2t z=8
HD: [G,,0,]=(4;6;5) 1a VTPT ciia (o) = () :4x +6y+5z2+D =0 Sirdyng d(l,(a))=R timD
Bai 8 Lap phuong trinh mit cau (S) c6 tam 1(2;3;-1) va cit duong thing (d):gzyTJrl _2-2 tai hai

diém A, B sao cho

a) b dai doan AB =16

b) Tam giac IAB vudng tai I

¢) Tam giéc IAB déu

d) Géc IAB bing 120°
2X+4y—-z-7=0
4X+5y+2-14=0

hai mat phang (o):x+2y-2z-2=0 va (B):x+2y—-2z+4=0

Bai 9: Lap phuong trinh mét cau ¢6 tam I thudc dudng thang (d): { va tiép xuac voi

TONG HQP PE THI TUYEN SINH PAI HQC
Tir ndm 2002 dén 2013

X=1+t
. . . X—2y+z=0 .
Bai 1: (PH A2002) cho hai duong thang: A, : V974420 va Al qy=2+t
X+2y—27+4=
z=1+2t

a) Viét ptmp(P) chira duong thang A, va song song véi duong thang A,DS: (P):2x—z=0
b) Cho M(2 ; 1,4). Tim H thudc A,sao cho doan MH c6 fioi dai nho nhat. PS: H(2;3;3)
Bai 2 : (PH D2002) Cho mp(P) : 2x — y + 2 = 0 va duong thang d 12 giao tuyén ciia mit phang
(Q): 2m+1)x+(@—m)y+m—1=0 va mit phang (R): mx+(2m+1)z+4m+2=0
Dinh m dé d,, song song véi mit phang (P). PS :m=-1/2
Bai 3 : (PH A2003) cho hinh hop chir nhat ABCD.A’B’C’D’ ¢6 A tring vai goc caa hé toa do,
B(a; 0; 0), D(0; a; 0), A’(0; 0; b) (2>0, b>0). Goi M 1a trung diém canh CC’.

2
a) Tinh thé tich khéi tir dién BDA’M theo a vab.DS : V =aTb

b) Xéc dinh ty s % dé hai mit phing (A’BD) va (MBD) vudng goc véi nhau.DS: %:1

Bai 4 : (PH B2003) cho hai diém A(2; 0; 0), B(0;0;8) va diém C sao cho AC =(0; 6; 0). Tinh khoang
cach tir trung diém I caa BC dén duong thing OA. DS : d(1,0A)=5
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X+3ky—-z+2=0

Bai 5 : (PH D2003) cho duong thang dy:
- ( ) cho duong thang d {kx—y+z+l=0

. Tim k dé duong thang dy vudng goc
v6i mat phang (P): x -y -2z +5=0. PS: k=1

Bai 6 : (PH A2004) cho hinh chép S.ABCD c6 day ABCD la hinh thoi, AC cit BD tai gdc toa
d6 0. Biét A(2;0;0), B(0;1;0),5(0;0;2v/2). Goi M 1a trung diém cua canh SC.
a) Tinh goc va khoang céach giira hai duong thang SA, BM. BS: ¢ = 30°

b) Gia sir mat phang (ABM) cat duong thang SD tai diém N. Tinh thé tich khdi chop

SABMN.DS: d(SA BM) =¥

X=-3+2t
Bai 7 : (PH B2004) cho diém A (-4; -2; 4) vaduong thang d: {y=1-t . Viét phuong
z=-1+4t

X+4 y+2 71-4
2 -1

trinh A di qua diém A, cat va vudng goc voi duong thang d. PS : A:

Bai 8 : (PH D2004) cho hinh lang try ding ABC.AB,C,. Biét A(a; 0; 0), B(-a; 0; 0),
C(0; 1;0), B(-a;0; b),a>0,b>0.

ab
7 7 Ja’ +b’
b) Cho a, b thay doi, nhung ludn thoa mén a + b =4. Tim a, b d¢ khoang cach gitra hai duong
thang B,C va AC, la Ién nhat. PS: Maxd(B,C,AC,) =2 < a=b=2
Bai 9 : (PH D2004) cho ba diém A(2; 0; 1), B(1; 0; 0), C(1; 1; 1) va mat phang

a) Tinh khoang céch giita hai duong thang B,C va AC, theo a, b.PS:d(B,C, AC,) =

(P): x + y + z — 2 = 0. Viét phuong trinh mat cau di qua ba diém A, B, C va ¢ tdm thudc mit
phang (P). PS: (x-1)2+y2+(z-1)?%=1

x-1 y+3 72—

-1 2

a) Tim toa do diém I thuoc d sao cho khoang cach tix I dén mat phang (P) bang 2. ’

b) Tim toa d¢ giao diém A cua duong thang d va mat phang (P). Vi€t phuong trinh tham s6

cua duong thang Anam trong mat phang (P), biet A di qua A va vudng gbéc vai d.

Bai 10 : (PH A2005) cho d: 3 va mit phang (P): 2x+y—-2z+9=0.

x=t
DS: 1(-3,57);1(3;-7;1) A(0;-L4);A:qy=1
z=1+t

Bai 11 : (PH B2005) cho hinh lang tru ding ABC.A1B1C; Vvéi A(0; -3; 0), B(4; 0; 0),
C(0; 3; 0), B1(4; 0; 4).

a) Tim toa d6 cac dinh A;, C,. Viét phwong trinh mat cau cd tam 1a A va tiép xdc véi mat
phang (BCC, B,).

b) M 1a trung diém cta A;B;. Viét phuong trinh mat phang (P) di qua hai diém A, M va song
song véi BC,. Mat phang (P) cat duong thang A;C; tai diém N. Tinh d6 dai doan MN.
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17

PS: x> +(y+3)* +2° =% (P):x+4y-2z+12=0;MN ==

Bai 12 : (PH D2005) cho hai duong thang d:

x-1_y+2_z+1  [X+y-2-2=0
-1 2 T | x+3y-12=0
a) Ching minh rang d; va d, song song vai nhau. Viét phuong trinh mat phang (P) chua ca
hai duwong thang d;va d, PS : (P):15x+11y—-17z-10=0
b) Mit phang toa do Oxz cat hai duong thang d, d lan luot tai cac diém A, B. Tinh dién tich
tam giac AOB (O la gdc toa do). PS: S, =5
Bai 13 : (PH A2006) cho hinh lap phuong ABCD.A’B’C’D’ véi A(0; 0; 0), B(1; 0; 0), D(0;1;0),
A’(0; 0; 1). Goi M va N lan lugt 13 trung diém ctia AB va CD.
a) Tinh khoang céch giira hai duong thang A’C va MN.
b) Viét phuong trinh mit phang chira A’C va tao véi mat phang Oxy mot géc o biét

1 . 1
cosa =—.PS : d(AC,MN)=—— (P):2x—-y+z-1=0;(P):x-2y—-z+1=0
7 ( ) NG (P) y (P) y
Xx=1+t
Bai 14 : (DH B2006) cho diém A(0;1;2) vad,. X _¥=1_Z+1q - Jy_ 1 2
2 1 -
72=2+t

a) Viét phuong trinh mit phang (P) qua A, dong thoi song song v&id; vad;.
b) Tim toa d cac diém M thudc dy, N thudc d, sao cho ba diém A, M, N thang hang.
PS: x+3y+52-13=0 M(0;,~1); N(0;L1)
Bai 15:(PH D2006) cho diém A(1:23) vady: X=2_Y+2_2-3 ¢, X‘ll _ y2—1 _ Zil
2 -1 1 -
a) Tim toa do diém A’ d6i xing véi diém A qua duong thang d;. PS : A'(-1,—4;1)
x-1 y-2 7-3

b) Viét phuwong trinh dt A qua A, vudng goc véi d; va cat do. PS A:

3 -5
X=-1+2t
Bai 16 : (DH A2007)cho hai duong thing d;: gzy—‘f:¥ dy: |y =1+t
B z7=3

a) Chting minh rang d; va d, chéo nhau.
b) Viét phuong trinh duong thang d vudng goc v6i mat phang (P): 7x + y — 4z = 0 va cat hai
x-2 'y z+1
7 1 -4

Bai 17 : (PH B2007) cho (S): X’ +y’ + 2 —2x +4y+2z-3=0va (P): 2x-y+2z-14=0.

a) Viét phuong trinh mp(Q) chira Ox va cat (S) theo mot dudng tron ¢d béan kinh bang 3.

b) Tim toa d6 diém M thudc (S) sao cho khoang cach tir M dén mit phang (P) 16n nhét.

S: (Q):y-2z=0. M(-L-1-3)

duong théng di, do. PS: A:

Bai 18 : (DH D2007) cho hai diém A( 1;4;2) , B(-1;2;4) va dudng thing A: _11 y+ : %

a) Viét phuong trinh duong thang d di qua trong tdm G ciia tam gidc OAB va vudng goc véi
mit phing (OAB). PS : d :gzy_—‘lz :Z—IZ

b) Tim toa d6 diém M thudc dudng thing A sao cho MA? + MB? nhé nhit PS: M (-1;0;4)
Bai 19 : (PH A2008) cho diém A(2;5;3) va duong thang d :"T‘l = % = Z—;2

a) Tim toa do hinh chiéu vuong goc cua diém A trén dudng thang d. PS : H(3;14).
b) Viét ptmp (a) chira d sao cho khoang cach tir A dén () 16n nhat. PS: (a):x—4y+z-3=0
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Bai20: (f)H B2008) cho ba diérp A(0;1 ;2),B(2;T2;1),C(—2;0; 1).

a) Viet phuong trinh mat phang di qua ba diém A,B,C. PS:x+2y-4z+6=0

b) Tim M thudc mit phang 2x + 2y+ z —3 = 0 sao cho MA = MB = MC. BPS M (2;3;-7)
Bai 21: (PH D2008) cho bdn diém A(3:3;0),B(3;0;3),C(0;3;3),D(3;3:3).

a) Viét phuong trinh mat cau di qua bén diém A, B, C, D. PS: x> +y? +22-3x-3y—-3z=0

b) Tim toa d¢ tim duong tron ngoai tiép tam giac ABC. PS H(2;2;2)
Bai 22: (PH A2009-CB) cho mp(P): 2x-2y-z-4=0va (S): x> +y? +2z>-2x—-4y—-6z-11=0.
Chung minh rang mit phang (P) cat mat cau (S) theo mot duong tron. Xac dinh toa do tam va ban
kinh cta duong tron d6. PS : H(3;0;2)
Bai 23:(PH A2009-NC) cho mat phang (P): x-2y+2z-1=0 va hai duong thing A
XTH - % - %9 Ay X; - yf _Z *21 . X4c dinh toa do diém M thudc duong thing A, sao cho
khoang cach tir M dén duong thang A, va khoang cach tir M dén mat phéng (P) bang nhau.

18 53 3

35135735

Bai 24 : (PH B2009—CB) cho ti dién ABCD c6 cac dinh A(1;2;1), B(-2;1;3), C(2;-1;1) va
D(0;3;1). Viét phuong trinh mat phang (P) di qua A, B sao cho khoang cach tir C dén (P) bang
khoang cach tir D dén (P) PS : (P):4x+2y+72-15=0;(P):2x+32-5=0.

Bai 25 : (PH B2009-NC) cho mp (P): x — 2y + 2z — 5 = 0 va A(-3;0;1), B(1;-1;3). Trong cac
duong thang di qua A va song song véi (P), hdy viét phuong trinh duong thang ma khoang cach
x+3_y _z-1

26 11 -2

Bii 26 : (PH D2009—CB) cho cac diém A (2; 1; 0), B(1;2;2), C(1;1;0) va mit phang P):x+y+
Z - 20 = 0. X4ac dinh toa do dlem D thudc duong thing AB sao cho duong thing CD song song

VO1 mat phang (P). bS : D(E;E;_ 1)

tir B dén duong thang d6 1anho nhat. PS: A: 2=

Bai 27 : (PH D2009-NC) cho dt A: XIZ :yT‘Zzil va mp(P): X + 2y — 37 + 4 = 0. Viét
phuong trinh dudng thang d ndm trong (P) sao cho d cit va vudng goc véi duong thang A.
X=-3+t
DS:d:qy=1-2t
z=1-t

Bai 28 : (DH A2010—CB) cho dt A: Xgl :%: ”12 va mat phang (P) : x — 2y +z=0. GoiC la

giao diém cta A véi (P), M 1a diém thudc A. Tinh khoang cach tir M dén (P), biét MC = /6 .
1
PS:dM,(P)=—
(M, (P)) NG

X+2_¥=2 243 gy khoang cach

3
tir A dén A. Viét phuong trinh mat cau tam A, it A tai hai diém B va C sao cho BC = 8.
PS: (S):x*+y*+(z+2)*=25
Bai 30 : (PH B2010—CB) cho cac diém A (1; 0; 0), B (0; b; 0), C (0; 05 c), trong do b, ¢ duong

va mit phang (P): y— z + 1 = 0. Xac dinh b va ¢, biét mat phang (ABC) vudng goc v6i mit phang

(P) va khoang céch tir diém O dén mit phang (ABC) bang % PS:b=c =%

Bai 29 : (PH A2010-NC) cho diém A(0; 0; —2) va dt A:
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Bai 31 : (PH B2010—NC) cho ii6dng thang A: gzyT_lzé. Xac fionh toa fiol fiiem M tren truc
hoanh sao cho khoang cach t6/ M fien A bang OM. DS : M (-1;0;0); M (2;0;0)
Bai 32 : (PH D2010-CB) cho hai mjt phang (P): x +y+z—-3=0va (Q): x—y+z-1=0. Viét
phuong trinh mat phang (R) vudng goc vaoi (P) va (Q) sao cho khoang cach tir O dén (R) bang 2
bS: (R):x—z+2\/§=0;(R):x—z—2\/§=0
X=3+t
x-2 y-1

Bai 33: (PH D2010—NC). cho hai dudng thang A;: {y=t VA Ay 5 =T=§. Xéc dinh

7=t
toa d6 M thudc A; sao cho khoang cach tir M dén A, bang 1. DS : M (4:1;1); M (7;4;4)
Bai 34 : (PH A2011—CB) choA(2; 0; 1), B(0; -2; 3) va mit phiang (P) : 2x— Y-z +4=0. Tim toa do
diém M thudc (P) sao cho MA=MB=3. DS : M (0:1;3);M (—g;é;%
Bai 35 : (PH A2011-NC) Cho mat cu (S) : x2 +y2+ 72— 4x-4y-4z=0vadiém A(4; 4; 0). Viét
phuong trinh mat phang (OAB), biét diem B thudc (S) va tam giac OAB déu.
DS: (AOB):x-y+z=0;(AOB):x—y—-z—=0
Bai 36 : (DH B2011-CB) Cho dudng thing A: X;lz =y—+2l =i1 vamit phing (P): X +y+z-—
3=0 .Goi I la giao diém cua A va (P).Tim toa d¢ diém M thudc (P) sao cho MI vudng goc véi A
va Ml = 4414 DS : M(5,9;-11); M (-3,-7;13)
X+ 2 _y -1 _ 1+ 5
3 =2
toa do diém M thudc duong théng A sao cho tam giac MAB c6 dién tichbéng 35
PS : M (-2;1,-5); M (-14;-35;19)
X+1 _y_z- 3

Bai 37 : (DPH B2011-NC) cho duong thing A: va A(=2;11),B(=3;-12). Tim

Bai 38 : (PH D2011-CB)cho diém A (1 ;2 ;3) va duong thang d: i Viét
Xx=1+2t

phuong trinh dudng thang A qua A, vudng goc véi d va cit truc Ox.PS : A:{y=2+2t
z=3+3t

Bai 39 : (PH D2011-NC) cho dt A: XT—lzyT—?):%Va mit phing (P):2x—y+2z=0. Viét

phuong trinh mat cau c6 tam thudc duong thang A , ban kinh bang 1 va tiép xic véi mat phang (P)
PS: (S):(x+D)*+(y+1)>+(z+1)° =11; (S): (x —52>2 +(y-11)° +(z-2)* =1

Bai 40 : (PH A2012-CB) cho duong thing d: -~ =2 =222 va diém 1 (0; 0; 3). Viét phuong

trinh mit ciu (S) c6 tam I va cat d tai hai diém A, B sao £ho tam giac 1AB vudng tai I.

bS: (S):x2+y2+(z—3)2=%

Bai 41 : (PH A2012-NC) cho dt d: Xz” %: 212 , mit phing (P) : x + y—2z+ 5 = 0 va didm
A (1; -1; 2). Viét phuong trinh duong thang A cit d va (P) lan luot tai M va N sao cho A a trung

diém ctia doan thang MN. DS : A: x2—1 = y;rl: 2=2

Bai 42: (PH B2012-CB) cho dudng thing d:

2
XT‘l z% - iz va hai diém A(2;1;0), B(-2;3;2). Viét

phuong trinh mit cau di qua A,B va c6 tam thudc d. PS : (S): (x+1)? + (y+1)% + (2 -2)* =17
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Bai 43: (PH B2012-NC)cho A(0;0;3), M(1;2;0). Viét phuong trinh mit phang (P) qua A va cat
cac truc Ox, Oy lan luot tai B, C sao cho tam gidc ABC c0 trong tam thudc duong thang AM.
DS : (P):6x+3y+4z-12=0
Bai 44: (DH D2012-CB)cho mit phing (P): 2x+y-2z+10=0 va diém I (2; 1; 3). Viét phuong
trinh mat cau tam I cat (P) theo mdt duong tron cd ban kinh bang 4.
PS: (S):(x-2°+(y-1)°+(z-3)*=25
x=1_y+1 z

Bai 45: (PH D2012-NC) cho duong thang d: > —1=IV3 A (1;-1; 2), B (2; -1; 0). Xac

dinh toa d6 diém M thudc d sao cho tam giac AMB vuodng tai M.DS : M (g;—g;g)

X—6 y+1 z+2

Bai 46: (PH A2013—CB) cho dudng thang A: va diém A(1;7;3). Viét phuong

-2
trinh mat phang (P) di qua A va vudng goc véi A. Tim toa do diém M thudc A sao
choAM=2/30 PS: (P):3x+2y—z-14= OM(5—1 L E)|\/|(3 ~3:-1)

-
Bai 47: (PH A2013—NC) cho mp(P):2x+3y+z-11=0, mc(S):x* +y* + 2> —2x+4y—-2z-8=0.
Chung minh (P) tiép xtic véi (S).Tim toa d¢ tiép diém cia (P) va (S).BS : d(l,(P))=R;M(3,1;2)
Bai 48: (PH B2013—-CB) cho A(3; 5; 0) va (P) 2X + 3y —z - 7 = 0. Viét phuong trinh dudng
thang qua A va vubng goc véi (P). Tim toa d6 diém ddi xing cia A qua (P) PS: B(-1;,-12)
Bai 49: (PH B2013-NC) cho cic diém A(1 ; -1 ; 1) :B(-1; 2 :3), A X+21 o 2_2-3
phuong trinh dudng thang qua A va vudng goc véi hai duong thang AB va A .

PS: d- x—1= y+1= z-1
) 7 2 4
Bai 50 : (PH D2013—CB) cho cac diém A(—1;-1;-2),B(0;1;1),(P):x+y+z-1=0.Tim
toa d§ hinh chiéu vudng goc cua A trén (P). Viét phuong trinh mat phang di qua A,B va vubng
goc voi (P). PS: (Q):x—-2y+z+1=0
Bai 51 : (PH D2013-NC) cho cac diém A(—1 ; 3 ; —2) va mat phang (P)x—2y—2z+5=0. Tinh
khoang céach tir A dén (P). Viét phuong trinh mit phang di qua A va song song véi (P)

bS: d(A,(P))=§;(Q):x—2y—22+3=0

. Viét
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